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Abstract 

An analytic approach and description are presented for the mod- 
uli cotangent sheaf for suitable stable curve families including noded 
fibers. For sections of the square of the relative dualizing sheaf, the 
residue map at a node gives rise to an exact sequence. The residue 
kernel defines the vanishing residue subsheaf. For suitable stable curve 
families, the direct image sheaf on the base is locally free and the se- 
quence of direct images is exact. Recent work of Hubbard-Koch and a 
formal argument provide that the direct image sheaf is naturally iden- 
tified with the moduli cotangent sheaf. The result generalizes the role 
of holomorphic quadratic differentials as cotangents for smooth curve 
families. Formulas are developed for the pairing of an infinitesimal 
opening of a node and a section of the direct image sheaf. Applica- 
tions include an analytic description of the conormal sheaf for the locus 
of noded stable curves and a formula comparing infinitesimal openings 
of a node. The moduli action of the automorphism group of a stable 
curve is described. An example of plumbing an Abelian differential 
and the corresponding period variation is presented. 



1 Introduction. 

A torus T with fundamental group marking is uniformized by the complex 
plane C with variable z and a lattice generated by 1 and r, r in the upper 
half plane EL The change of marking equivalence relation for tori is given by 
the action of the modular group SX(2;Z) on EL The Grotzsch and Rauch 
variational formulas provide that the differential of the moduli parameter r 
is represented by the quadratic differential —2idz 2 € H (T T ,O(K 2 )). With 
the analogy to higher genus moduli in mind, consider EI as the Teichmiiller 
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space, SL(2;Z) as the mapping class group and the quotient as the mod- 
uli space. The compactification of the quotient H/SX(2;Z) is given by 
introducing the coordinate t = e 2mT for a neighborhood of infinity. The 
differential of the nonzero moduli parameter t is Antdz 2 £ H°(T T , 0(K 2 )), 
which formally vanishes at infinity or equivalently dt/t is represented by the 
quadratic differential Airdz 2 . In particular, quadratic differentials model the 
logarithmic derivative of the moduli parameter at infinity. Equivalently, the 
moduli cotangent Airtdz 2 at infinity includes a t factor. 

The infinitesimal deformation space of a pair (R, q), a compact Riemann 
surface and a distinguished point, is the cohomology group H l (R, 0(K~ 1 q~ 1 )) 
for the canonical bundle K and the inverse of the point bundle. By Kodaira- 
Serre duality, the dual infinitesimal deformation space is H°(R, 0(K 2 q)), the 
space of holomorphic quadratic differentials with possible simple poles at q. 
Quadratic differentials with simple poles give the moduli cotangent space. 
Our goal is to generalize this result for nodal stable curves and describe the 
moduli cotangent space as a coherent analytic sheaf on the family. 

Our discussion begins with the local geometry of the model case, the 
family of hyperbolas zw = t in C 2 . Consider for c, d positive, the singular 
fibration of V = {\z\ < c, \w\ < c'} C C 2 over D = {\t\ < cc'} with the 
projection n(z, w) = t. The family ir : V — > D is the local model for the 
formation and deformation of a node. The general fiber is an annulus and 
the special fiber is the union of the germ of the coordinate axes with the 
origin the node. The projection differential is dir = zdw + wdz. The vertical 
line bundle C over V has non vanishing section zd/dz — wd/dw and the 
relative dualizing sheaf uiy/D has non vanishing section dz/z — dw/w. 

We consider curve families with noded stable fibers. A proper surjective 
map II : C — > B of analytic spaces is a family of nodal curves provided at each 
point c € C, either II is smooth with one dimensional fibers, or the family is 
locally analytically equivalent to a locus zw = f(s) in C 2 x S over S with / 
vanishing at n(c). The locus {(0,0)} x S is the loci of nodes. We consider 
families with first order vanishing of /; for a neighborhood of a node the 
family is analytically equivalent to a Cartesian product of tt : V — > D and a 
complex manifold. Stability of fibers is the condition that each component of 
the nodal complement in a fiber has negative Euler characteristic. Negative 
Euler characteristic ensures that the automorphism group of a component 
is finite. The general fiber of a family II : C — > B of nodal curves is a smooth 
Riemann surface. The locus of noded curves within the family is a divisor 
with normal crossings. For a family II : C — > B, the relative dualizing sheaf 
is isomorphic to the product of canonical bundles Kq <8> n*ifg. 

The relative dualizing sheaf ojq /b provides a generalization of the fam- 
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Figure 1: A genus 1 degenerating family w 2 = (1 — z — t)(z 2 — t). 



ily of canonical bundles for a family of Riemann surfaces. For k positive, 
sections of ,g over open sets of B, generalize families of holomorphic k- 

differentials for Riemann surfaces. A section r\ of w^'/g on a neighborhood 
of a node ir : V x S — > D x S is given as 



with f holomorphic in (z,w,s). For an annulus fiber and the mapping 
z = C, w = t/C, t ^ 0, into a fiber, the section is given as 



Sections of uig ,g generalize families of holomorphic quadratic differentials 
and in the language of Bers are families of regular 2-differentials |Ber74| . 
Infinitesimal opening of a node is described by the variational formula for 
the parameter t. For t nonzero, the pairing of the infinitesimal variation of t 
with the section r/ is given in Lemma[3]as the — ir/t multiple of the (^-constant 
coefficient in the Laurent expansion of 4f(£,i/£, s). The appearance of the 
scaling t-factor is intrinsic to the variation of a node. The present appearance 
of the t-factor is dual to the appearance in the torus example. 

The noded fibers sub family of tt : V x S —■ D x S is {(z,w) \ z = 
or w = 0} x S over S with the restriction of the section rj to the fibers given 
as f(z, 0, s)(dz/z) k on {w = 0} and as f (0, w, s)(—dw/w) k on {z = 0}. The 



dz dw s k 
z w 



(1) 
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residue of rj at the node is ±f (0, 0, s). The residue is coordinate independent 
and well defined modulo a sign; for k even the residue is well defined. The 
kernel of the residue map to C defines a subsheaf of as follows. For 

a family II : C — > B, let n/%, 1 < k < m, be the k th component of the loci 
of nodes in C and let C nfe be the skyscraper sheaf supported on n^. The 
vanishing residue subsheaf is defined by the exact sequence 



In the preparatory LemmaEJ we describe local bases of sections of w^/g over 
suitable opens sets of B. The bases have a direct relationship to coordinate 
cotangent frames for the open sub family of Riemann surfaces. Lemma [6] 
provides the basic tool for understanding the vanishing residue subsheaf and 
the moduli cotangent sheaf. In Section 4, we show that the direct image ITV, 
with presheaf of sections of V over open sets of B, is locally free and that 
the corresponding sequence of direct images is also exact. We then combine 
the coordinate cotangent frame for sub families property, the definition of 
V and a formal argument to establish the main result. 

Theorem. The vanishing residue exact sequence is natural for admissible 
families. The direct image of the vanishing residue subsheaf is naturally 
identified with the cotangent sheaf for admissible families. 

We discuss applications. A section of the moduli cotangent sheaf over 
an open set of the base is a section of over the open set with residues 
vanishing. In the torus example the section vanishes along the fiber and 
necessarily the residue vanishes. A description of the moduli cotangent 
fiber at a nodal curve is provided by the isomorphism between a locally free 
sheaf and an analytic vector bundle. For deformations of a Riemann surface, 
moduli cotangents are represented by quadratic differentials on the surface. 
For deformations of a nodal stable curve, moduli cotangents are represented 
by equivalence classes of sections of the vanishing residue subsheaf - it is 
not sufficient to specify the restriction of a section to a fiber of a family. In 
Lemma \13\ we find that the moduli tangent-cotangent pairing extends to 
noded fibers. We also consider the basic geometry of the divisor of noded 
curves within the family. We find that the conormal sheaf of the divisor is 
the subsheaf of with sections over base open sets vanishing along all 
noded fibers. The log-cotangent sheaf of the divisor is the direct image of 
W c/S' w ith sections of over base open sets. 

The works of Masur [Mas76j and Hubbard-Koch [HKlla] provide a foun- 
dation for the present considerations. In Section 3, we give the construction 
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of a standard nodal stable family of curves following Masur. The construc- 
tion begins with an open set in Teichmiiller space parameterizing Riemann 
surfaces with distinguished points and combines plumbing copies of the fam- 
ily 7r : V —> D. The constructed family provides the setting for our consider- 
ations. Hubbard and Koch introduce the notion of a T-marking for families 
of nodal stable curves, a marking modulo Dehn twists about the elements of 
a multi curve. They construct a universal analytic family for a T-marking 
and show that the Deligne-Mumford compactification of the moduli space 
of Riemann surfaces is analytically described by quotients of T-marked uni- 
versal families. From the results of Hubbard and Koch, our considerations 
apply to the Deligne-Mumford compactification. 

In Section 5, we generalize the Laurent coefficient map of Lemma 4 for 
expansion ([T]). The generalization is a period about a collar latitude of 
the product of a section of the vertical line bundle and a section of w^yg. 
The generalization enables direct comparison of the infinitesimal plumbings 
F(z)G{w) = t and zw = t of a node. 

Theorem. Let U : C —■ B be a proper family of stable curves with a nodal 
fiber Cb with a neighborhood of a node analytically equivalent to the Carte- 
sian product of it : V — > D and a parameter space S. Consider the local 
coordinates F{z) and G(w), F(0) = G(0) = 0, for neighborhoods of the 
inverse images of the node on the normalization of Cb- For the plumbing 
F(z)G(w) = t of Cb contained in H : C — > B and r/ a section of V on a 
neighborhood of Cb, the initial plumbing tangent evaluates as 

( 9 \ 

7r(F'(0)G'(0))- 2 (-F'(0)G'(0)f^(0, 0, s) + ^"(0)^(0, 0, s) + ^G"(0)f z (0, 0, s)) . 

The formula generalizes the standard fact that for the Deligne-Mumford 
compactification the normal sheaf to the divisor of noded curves is the direct 
sum of products of tangent lines at distinguished points on the normalized 
curves. 

In Section 6 we present three applications for the vanishing residue sheaf. 
The first involves the action of the automorphism group of a stable curve on 
infinitesimal deformations. The quotient of the action on the moduli tangent 
space provides a local model for the Deligne-Mumford compactification. We 
apply the main theorem and give a detailed description of the automorphism 
action on the vanishing residue sheaf. In the second application, we give 
a detailed discussion of plumbing an elliptic curve family to a 3-pointed 
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P . We describe the initial moduli cotangent space and the action of the 
elliptic curves and pointed-P 1 involutions on moduli parameters and moduli 
cotangents. In the third application, we apply a standard construction for 
plumbing an Abelian differential and compare two approaches for calculating 
the variation of period. 

I would like to especially thank John Hubbard and Sarah Koch for valu- 
able conversations. 



2 The local geometry of zw = t. 

For a complex manifold, we write O for the sheaf of holomorphic functions, 
T for the holomorphic tangent sheaf, f2 for the holomorphic cotangent sheaf 
and K for the canonical bundle, the determinant line bundle of fL Equiv- 
alently T is the sheaf of holomorphic vector fields and Q the sheaf of holo- 
morphic 1-forms. We introduce a singular fibration of a neighborhood V of 
the origin in C 2 over a neighborhood D of the origin in C. 

Definition 1. For positive constants c,d ', with V = {\z\ < c,\w\ < c'} 
and D = {\t\ < cc 1 }, the family it : V — > D is the singular fibration with 
projection ir(z,w) = zw = t. 

The differential of the projection dir = zdw + wdz vanishes only at the 
origin; the t = fiber crosses itself at the origin. For t ^ 0, solving for z 
the fiber of it is (z,w) with \t\/d < \z\ < c and for t = 0, the fiber is the 
union of discs (z, 0) with \z\ < c and (0, w) with \w\ < d in C 2 . The family 
V over D is a family of annuli degenerating to a one point union of a z disc 
and a w disc in the axes of C 2 . Alternatively, V over D is a representative 
of the germ at the origin of the family of hyperbolas limiting to the union 
of coordinate axes. The vector field 

v = z- w— G T v , 

oz ow 

is vertical on V — {0}, since dir{v) vanishes. Let v' be another vertical vector 
field, non vanishing on V — {0}. Since on V — {0}, kerd7r is rank one, it 
follows that v' = fv, for / a section of 0(V — {0}). By Hartog's Theorem 
[Nar95], / is analytic on V and since v,v' are non vanishing on V — {0}, 
it follows that / is non vanishing on V. The observations provide that the 
condition vertical vector field defines a line bundle C over V and v represents 
a non vanishing section (the vector field v, a section of vanishes at the 
origin; the corresponding line bundle section is non vanishing; C is not a 
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Figure 2: The family of hyperbolas zw = t. 



sub bundle of Cly). In general, vertical vector fields that vanish at most in 
codimension 2 correspond to non vanishing vertical line bundle sections. 

The 0-fiber of V over D is an example of an open noded Riemann surface 
[Ber74l §1], alternatively an open nodal curve. The 0-fiber is normalized by 
removing the origin of C 2 to obtain a z disc, punctured at the origin and a 
w disc, punctured at the origin. The origins are filled in to obtain disjoint 
discs. Analytic quantities on the 0-fiber, lift to analytic quantities on the 
normalization. The sheaf of regular 1-differentials, |Ber74t §1], equivalently 
the dualizing sheaf [Bar89 , [HM98, Dualizing sheaves, pg. 82] associates to 
the 0-fiber: Abelian differentials /3 z ,f3 w with at most simple poles respec- 
tively at the origin for the z, w discs and the important residue matching 
condition Res f3 z + Res (3 W = 0. Bardelli provides an exposition on the basics 
of families of stable curves [Bar89| . He discusses the topology of fibers, the 
arithmetic genus, the dualizing and relative dualizing sheaves, line bundles 
and divisors, Riemann Roch, as well as Kahler differentials and first order 
deformation theory. 

The fiber tangent spaces of V — {0} over D are subspaces of Ty. The 
meromorphic differential 

dz dw 
z w 

is a functional on the fiber tangent spaces of V — {0}. For the 0-fiber, it 
is immediate that a is a section of the dualizing sheaf. The differential a 
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satisfies the relations 

a A dir = 2dz A dw and a(v) = 2. 

The differential is uniquely determined modulo the submodule 0{dir) C £ly 
by each relation. To motivate the definition of the relative dualizing sheaf 
for V over D, we consider the coset of a in £ly /0{dir). The finite pairing 
a(v) provides that the coset has holomorphic sections on V — {0}. Let a 1 be 
another meromorphic differential on V with a' A dir holomorphic and non 
vanishing on V. On V — {0}, the quotient sheaf Qy /0(dir) is pointwise 
rank one and thus a' = fa for / holomorphic on the domain. Again by 
Hartog's theorem [Nar95j, the function / is analytic on V. The relation 
a' A dir = fa A dir and non vanishing of the first quantity imply that / 
is non vanishing on V. In particular, the differentials a' with a' A dir non 
vanishing, considered as elements of Qy /0(dn), define a line bundle over V; 
the line bundle is not a sub bundle of £ly. The differentials a' correspond 
to non vanishing holomorphic sections of the line bundle. The constant 
relation a(v) = 2, shows that the line bundle is the dual of the vertical line 
bundle C. The relative dualizing sheaf uy/D is defined to have sections of 
the relative cotangent bundle coker(dir : ir*ttr) — > £ly), given by differentials 
satisfying the polar divisor and residue conditions |B ar89| Sec. Ill], [HM98, 
Dualizing sheaves, pg. 84]. In particular, we have the sheaf equality dir : 
Tr*Vtr> = 0{dir) and the quotient Vty / 0{dir) is the intended cokernel. We 
have described the relative dualizing sheaf and shown that it is dual to 
the vertical line bundle C. We will use that for the families considered, 
the restriction of the relative dualizing sheaf to a fiber of the family is the 
dualizing sheaf of the fiber [Bar89, Prop. 3.6]. 

Since the total space V is smooth, there is a description of ojy/o i n terms 
of the canonical bundle Ky and pullback ir*Kr> of the canonical bundle of 
D [Bar89l Definition 3.5], [HM981 Dualizing sheaves, pg. 84]; in particular 

u v/D ~ K v ®ir*Kl, (2) 

where v denotes the dual. As above, a differential a' , satisfying the polar di- 
visor and residue conditions, determines a coset in £ly /0{dir). A differential 
a' and a non vanishing section (3 of 0{dir) together determine the element 
a' A /3 ® /3 V in Ky ® ir*K^. The association a' mod 0(dir) < — > a' A /3 <g> /3 V is 
independent of the particular choice of /3 and realizes the sheaf isomorphism 

We are interested in general curve families II : C — > B including nodal 
curves or equivalently analytic families of noded Riemann surfaces (possibly 
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open) with smooth total space C and base B. We require that the projection 
II is a submersion on the complement of a codimension 2 subset. Families 
of open or compact Riemann surfaces and the above nodal family are in- 
cluded in the considerations. For each node of a fiber, we assume that for a 
neighborhood the family II : C — > B is analytically equivalent to a Cartesian 
product of the standard nodal family tt : V — > D and a complex manifold 
parameter space S. 

The vertical line bundle C and relative dualizing sheaf uc/B are defined 
for the family II : C — > B. The vertical line bundle is defined from ker dU and 
the relative dualizing sheaf is uic/B = coker((fn : IFfig — > fig). The positive 
powers / B of the relative dualizing sheaf, alternatively the sheaf of regular 

^-differentials [Ber74] . is defined to have sections rj of ri^/O^ 1 <g> dIl(Qc) 
with at most order k poles at the image of the nodes on the normalizations 
of nodal fibers and the residue matching Res rj z = (— l) k Res r\ w for the forms 
Vzj'Hw on the normalization. The power oj^g is dual to the power C k of the 
vertical line bundle. The Cartesian product of tt : V — > D and S provides a 
local model for the family geometry. 

We present an explicit isomorphism for the sheaf isomorphism 

Restricting domains as necessary, let /3 be a non vanishing section of the 
relative dualizing sheaf ojqIB an d t a non vanishing section of Kg. Consider 
the association between sections ip of <^/g and ^-canonical forms for C, 
sections \P of Kg - the association is given by the formula 

Observations are in order. On the submersion set for II, a non vanishing 
section of ujc/b = coker(cOI : U*$ljg — » fie) and the pullback of a local frame 
for J7g together form a frame for f2c. It follows that the product (3 A II* r is 
a non vanishing section of the canonical bundle Kq on the submersion set. 
With the codimension 2 condition, the product is non vanishing in general 
- consequently the ratio VP/(/3 A II*r) fc is an analytic function on C. The 
relation can be inverted to give a formula for ^ in terms of vp. In particular, 
the association provides a local isomorphism of sheaves. The right hand 
side depends on the choice of r, but is homogeneous of degree zero in /3, and 
so is independent of the particular choice of /3. The association establishes 
a canonical isomorphism between uj k c/B and K£ twisted by II* K^. The 
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isomorphism 




(k c ® n*i$) fc 



(4) 



is a general form of the isomorphism ([2]). Most important for our consid- 
erations, /c-canonical forms present a local model for sections of powers of 
the relative dualizing sheaf, alternatively a model for families of regular 
/^-differentials. 

We use the local Cartesian product description of the family to define 
annuli in the fibers and annular Laurent expansions of sections of The 
annuli and expansion coefficients depend on the local analytic equivalence 
of II : C — > B to a Cartesian product. First, the fibers of ir : V — > D, 
the annuli {|i|/c' < \z\ < c} or the one point union of z and w discs, 
define annuli or a nodal region in the fibers of II : C — > B. The differential 
dz/z — dw/w is a non vanishing section of and gives a non vanishing 

section of the relative dualizing sheaf for the Cartesian product. The annulus 
A = {\t\ < |C| < 1|} maps into the t-fiber of V by £ ->• (C,*/C) or by 
C (VC> C) with the differential dz/z — dw/w pulling back to ±2dC/(- The 
2 factor enters in comparing expansions in (z, w) to expansions in C. In 
particular the differential dz/z — dw/w has residues ±1 when considered on 
the normalization, while the pulled back differential ±2d£/£ has residue ±2. 
For all our considerations we define the residue on the normalization and 
the annular Laurent coefficients in terms of the pull back to the annulus A. 
A section r\ of ^y x s/DxS ^ s §i ven as 



since (z, w, s) is a coordinate triple for V x S. In particular for the coefficient 
function given by a power series 



the pullback of the /c-differential to A for a t nonzero fiber has the annular 
Laurent series 



7] = {(z,w,s)( 



dz dw v k 
z w 




(5) 



m,n>0 



f(C,t/C,«) = 2 k Y, *mn(s)C m (t/() 



n 



m,n>0 



with ("-constant term 




(6) 



m>0 
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The O-fiber of V is the union of {w = 0} with coordinate z and {z = 0} with 
coordinate w. The {w = 0} and {z = 0} restrictions of f are the functions 



^2 a m0 (s)z m and ^QQn(s) 

m>0 n>0 



The ("-constant term is long recognized as important in the analysis and vari- 
ational theory of embedded annuli [Gar 751 |Hej78j IHKllal IHSS091 IKra85l 



IMas76l IMcMOOl IPet39l IPet41l |Wlpl0aj |Wlpl0b| . The residue of the dif- 



ferential r\ at the node of the t = fiber is simply the zeroth coefficient 
ooo(-s). The Laurent (-constant term is important in the considerations of 
the following sections. We concentrate on the square of the relative dualizing 
sheaf. 

Definition 2. For a section rj of and a local analytic equivalence of 
II : C — > B to a Cartesian product tt : V — > D and S, define the constant 
coefficient 

Laurent(ry) = 4 ^ a mm {s)t m . 

m>0 

We consider Laurent as a sheaf map ^/B ~^ ® B defined on open sets 
given as suitable Cartesian products. The sheaf map depends on the Carte- 
sian product equivalence. The value of Laurent (rj) at t = is the fourfold 
multiple of the residue of rj on the normalization - the residue is intrinsically 
defined. 



3 The (s,t) families and regular quadratic differ- 
entials. 

We describe the local deformation space, as well as, the associated family 
for a nodal stable curve, equivalently for a compact noded Riemann sur- 
face. The description includes the family tangent and cotangent coordinate 
frames. The discussion closely follows [Mas76l Sections 2, 5 and 7], |Wlp03 



Section 3] and especially |Wlp90, Section 2]. Similar treatments are found 



in [LSY041 iLSYOo] and [HKllaj . 

A Riemann surface with nodes R is a connected complex space, such 
that every point has a neighborhood analytically isomorphic to either the 
unit disc in C or the germ at the origin of the intersection of the coordinate 
axes in C 2 . The special points of R are the nodes. We write R for the 
nodal complement R — {nodes}. The normalization of R is R with the 
removed nodes considered as distinguished points. Functions, line bundles 
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and sections of line bundles on R lift to corresponding quantities on R with 
a matching condition. The components of R are the parts of R. Provided R 
is compact, each component of R is described as a compact surface minus a 
finite number of points. We now assume that each part has negative Euler 
characteristic. In particular a noded Riemann surface is equivalent to a 
stable curve [Bar89l IHM98] . 

In the Kodaira-Spencer setup the infinitesimal deformation space of a 
compact complex manifold M is the Cech cohomology H 1 (M, T v ) jKod86j . 
The infinitesimal deformation space of a pair (R, q) , a Riemann surface and 
a distinguished point, is H l (R, 0(K~ 1 q~ 1 )) for K the canonical bundle and 
the inverse of the point line bundle q {0{q) is the line bundle with a sec- 
tion with divisor q). By the Dolbeault isomorphism H l (R,0{K~ l q~ 1 )) ~ 
H < ^' 1 (R, £(K~ 1 q~ 1 )), E^^q^ 1 ) the sheaf of smooth vector fields vanishing 
at q [Kod86| . The elements of the Dolbeault group are equivalence classes 
of (0, 1) forms with values in smooth vector fields vanishing at q - smooth 
Beltrami differentials. A Beltrami differential v with support disjoint from q 
represents a trivial infinitesimal deformation exactly when there is a smooth 
vector field F, vanishing at q, with OF = v. 

By Kodaira-Serre duality the dual of the infinitesimal deformations is 
H°(R, 0(K 2 q)), the space of holomorphic quadratic differentials with a pos- 
sible simple pole at q. In terms of a local coordinate z, the integral pairing 
for a Beltrami differential v = v(z)d/dz <8> dz and a holomorphic quadratic 
differential <f> = 4>(z)dz 2 is 



for dE the Euclidean area element in z. Since holomorphic sections vanishing 
on an open set vanish identically, it follows that given an open set in R there 
exists a basis for Hg (R, £ (K -1 ^ -1 )) of elements supported in the open set. 

We describe local coordinates for the Teichmiiller space of R [Ahl61 . 
Associated to a Beltrami differential of absolute value less than unity is a 
deformation of R. Specifically given an atlas {(U a ,z a )} for the surface and 
a Beltrami differential, define new charts as follows: for z the coordinate on 
z a (U a ) C C and v(z) the local expression for u, let w a = w y (z) be a home- 
omorphism solution of the Beltrami equation w v 2 = vw v z on z a (U a ) [AB60 . 
The new atlas w a o z Q ^} defines the new surface R v . Local holomorphic 
coordinates for the Teichmiiller space of R — {q±, ...,%} are given as fol- 
lows: choose i/i,...,v n compactly supported, spanning the Dolbeault group 
H^ l {R,£({Kq\ ■ ■ ■ qk)~ 1 )) for s = (s\, . . . , s n ) small, v{s) = ^ - SjUj satisfies 
\v(s)\ < 1 and R s = R u ( s \ is a Riemann surface. The assignment s — > {R s } 




(7) 
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for \s\ small, is a local coordinate for Teichmiiller space. We will use that a 
chart (Ua,Zg) for R disjoint from the supports supp(z/j) is a chart for R s ; 
a fixed set of charts can be used for a neighborhood of the distinguished 
points. 

The initial variation of a family R s can be found as follows. A one- 
parameter family of solutions of the Beltrami equation wf = svw s ^ has an 
initial variation ^w su = w[u] satisfying the (^-potential equation = 
v. The initial variation w[v] is a vector field and for deformations of the 
pair (R,q), vector fields vanish at q. The data {(U a ,w[u] o z a )} is a 0- 
cocycle with values in £(K~ 1 q~ 1 ). Moreover solutions of the (9-potential 
equation are unique modulo holomorphic functions. The Cech coboundary 
of {{U a ,w[u\ o z a )} is the deformation class in H 1 (R,0(K~ 1 q~ 1 )). 

We are interested in the spaces of regular quadratic differentials for a 
proper family II : C — > B of stable curves. As above, the total spaces C 
and B are smooth; II is a submersion on the complement of a codimension 
2 subset; each part of a fiber has negative Euler characteristic. For a sheaf 
S on C, the direct image presheaf 11*5 assigns to open sets U in B sections 
of S on II _1 (?7). We review that the direct image H*ojg,g of the relative 
dualizing sheaf square is a locally free sheaf of the expected dimension - the 
direct image is the sheaf of holomorphic sections of a vector bundle. 

First we observe that the dimension of the space of regular quadratic 
differentials on the fibers of II : C — >■ B is constant. The fibers of the fam- 
ily are compact noded Riemann surfaces; the distinguished points on the 
normalization of a fiber are inverse images of nodes. A regular quadratic 
differential, equivalently a section of the dualizing sheaf square, is a mero- 
morphic quadratic differential on each part with possible double poles at 
the inverse images of nodes and residues equal for each pair of nodal inverse 
images. By Riemann Roch and the negative Euler characteristic hypothe- 
sis, for a part of genus g with n distinguished points the dimension of the 
space of quadratic differentials with possible double poles is 3g — 3 + 2n. A 
node corresponds to a pair of distinguished points on the normalization and 
a pair of distinguished points contributes 4 to the dimension of quadratic 
differentials before imposing the equal residue condition. A node net con- 
tributes 3 to the dimension; or equivalently each distinguished point on the 
normalization contributes a net 3/2 to the dimension. With this counting 
convention, the contribution to the dimension of regular quadratic differen- 
tials from a part of the normalization is 3g — 3 + 3n/2, the —3/2 multiple 
of the Euler characteristic of the part. The Euler characteristic is additive - 
the sum of Euler characteristics of parts of a fiber coincides with the Euler 
characteristic of the general fiber. It follows that the dimension of the space 
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of regular quadratic differentials on a fiber is a constant, equal to the —3/2 
multiple of the Euler characteristic of the general fiber. In the following, we 
write g for the genus of the general fiber. 

The following result on families of differentials is Proposition 5.1 of 
[Mas76| and Proposition 4.1 of UK 1 la . Masur proves the result by con- 
sidering the sheaf of canonical forms on C and considering the short exact 
sequences given by forming Poincare residues onto successive hyperplane in- 
tersections with the family to define the fibers in C. Direct image sheaves 
are formed. Grauert's theorem }Gra60j is applied to show that the direct 
image sheaves are coherent. Kodaira-Serre duality and a sequence chase are 
used to show that the Poincare residue maps are surjective, his first result. 
He applies the result to construct local sections of U*luc/b with prescribed 
polar divisors. A general argument about products of 1-forms is applied to 
find the desired families of regular quadratic differentials. We give a sketch 
of the much simpler Hubbard-Koch argument [H Kllal IHKllb| . 

Lemma 3. The direct image sheaf TL*u)g,g is locally free rank 3g — 3. A 
regular quadratic differential on a fiber ofH:C^B is the evaluation of a 
section Il*u>g, B . 

Proof. Begin with a proper analytic map II : C — > B of analytic spaces and 
a coherent sheaf J- on C. For a point b 6 B, consider the fiber Cb = II _1 (6) 
and Tc h the coherent sheaf on Cb whose stalk at c € Cb is the tensor product 
T c ®o c Oc b of the stalk of T with the structure sheaves of C and Cb- By 
a form of the Cartan-Serre theorem with parameters the direct image of 
T on B is a locally free sheaf provided the dimensions of the cohomology 
groups H n {Cb, Tc b ) are constant. For the sheaf w^/s the higher cohomology 
groups vanish and from the above discussion the zeroth cohomology has 
constant rank 3g — 3. The direct image sheaf is locally free of rank 3g — 3. 
The second statement of the lemma follows since the dimension of regular 
quadratic differentials equals the rank of the direct image sheaf. □ 

The general fiber of II : C — > B is a smooth Riemann surface with re- 
strictions of sections of U*lu^ b to a fiber giving Q, the space of holomorphic 
quadratic differentials on the fiber. By hypothesis a neighborhood of each 
node in II : C — > B is analytically equivalent to a Cartesian product with 
7r : V — > D. The pairing of the infinitesimal variation of the parameter t, 
t 0, with Q is fundamental to our considerations. For the pairing ([7]), the 
following lemma is given as formula 7.1 in |Mas76j . formula (4) in |Wlp03| 
and in Proposition 9.7 in |HKlla| . The proof is to give a quasiconformal 
map from a t-fiber of ir : V — > D to a t'-fiber, compute the initial t'-derivative 
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of the Beltrami differential and compute the pairing ([7]) with a quadratic 
differential on the t-fiber. The quasiconformal map can be given to preserve 
concentric circles and as a rotation near the boundary. 

Lemma 4. The pairing of the infinitesimal t-variation, t nonzero, with a 
section <f> of the direct image sheaf TL*LUg,g on the t- fiber is 

d — 7T 

Yfo'V = —Laurent (</>). 

We examine the geometric role of the i-scaling in the following sections. 
We now construct a general family for varying a nodal stable curve/a Rie- 
mann surface with nodes C. In the next section, we describe the Hubbard- 
Koch Theorem for the universal property of the family. Varying C is given 
as a combination of quasiconformal deformations of a relatively compact set 
in the normalization of C and gluings to copies of the family tt : V — >■ D. The 
construction only uses that Beltrami differentials define finite deformations. 
Cech style sliding deformations could equally be used in the construction in 
place of Beltrami differentials. 

We start with the normalization of C: a Riemann surface R with formally 
paired distinguished points {a^, bk}™ =1 with corresponding local coordinates 
Zk near a^, = 0, near b^, Wk(bk) = and with Beltrami differentials 

0<?}jLi a basis for the cohomology group 

require that the domains of the local coordinates {zk,Wk}k=\ are mutually 
disjoint and that the union of local coordinate domains is disjoint from 
the union of Beltrami differential supports. Let i/(s) = Y^j=i s j l 'jy s ^ 
C n , with |s| small and let R s = R u ( s \ be the deformation described above 
by quasiconformal maps. The parameter s is a local coordinate for the 
Teichmiiller space of R. The coordinates {zk) w k}fc=i are holomorphic for 
R s , given the disjoint support hypothesis. 

We next plumb the family R s to m copies of the family tt : V — > D. 
Choose a positive constant c < 1, such that the local coordinate domains 
contain the discs {\zk\ < c},{\iVk\ < c}, 1 < k < m. For \t\ < c 4 , remove 
from R s the discs {\zk\ < c 2 } and {\wk\ < c 2 } to obtain an open surface 
R*. We now write S for the connected domain of the parameter s and 
D for the disc {\t\ < c 4 }. Boundary neighborhoods of individual fibers 
of i?* — > S are glued to boundary neighborhoods of individual fibers of 
tt : V — > D. Given (s, t) E S x D m , identify p in the boundary neighborhood 
{c 2 < \zk(p)\ < c} C R* to the point (zk(p),tk/ Zk(p)) in the fiber of a 
k th factor of 7r : V — > D and identify q in the boundary neighborhood 
{c 2 < |wfc((7)| < c} C R* to the point (tk/wk(q),Wk(q)) in the fiber of 
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a k factor of tt : V — > D. The result is a family of compact possibly 
noded Riemann surfaces II : 1Z — > S x D m with projection - in brief the 
family given by a boundary neighborhood gluing of R* — > S and m copies 
of the plumbing. The plumbings determine labeled annuli in the fibers of 
the family. 




Figure 3: Plumbing data. 



Definition 5. The constructed family II : 1Z — > S x D m is an (s, t) family. 

The total space and base of an (s, t) family are complex manifolds and the 
projection is proper and a submersion except on the combined nodal set of 
codimension 2. By construction, a neighborhood of a node in an (s, t) family 
is analytically equivalent to a Cartesian product of tt : V — » D and a complex 
manifold. The dimension count for regular quadratic differentials provides 
for g the genus of a smooth fiber that the dimensions satisfy m + n = 3g — 3. 

Lemma 6. For an (s,t) family U : Tt — » S x D m , there is a neighborhood 
of the origin in S x D rn with sections (pi, ... , </>3 g -3 of the direct image sheaf 
^* w R/SxD ra with the following pairings on S x C\k{tk ^ 0} 

Laurentfc(^) = and Laurentfc(<^> n +£) 

for 1 < h,j < n, 1 < k,£ < m with 5** the Kronecker delta and Laurent^ 
the coefficient map for the k th annulus in a fiber. On S x r\.{ifc ^ 0} the 
restriction of the sections (pi, ... , (p n ,ti(p n+ i, . . . , t m <p n + m to the fibers are 
the cotangents for the coordinates (s,t). 



= 0, 

TT 
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Proof. We begin by showing that the pairings of sections of the direct image 
sheaf with the tangents d/dsh and the coefficient maps Laurent^ are holo- 
morphic on a neighborhood of the origin in S x D m . The initial Riemann 
surface R has atlas {(U a ,z a )} and the surface R s has atlas {(U a ,w a o z a )} 
for w a = solutions of w s = u(s)w z on z a (U a ) C C. The composition 

rule for quasiconformal maps provides that on w a a z a {U a ) the Beltrami 
differential for the infinitesimal variation d/dsh is 

^={l^=)°^ M r\ EEHl. 

w z 

For \s\ small, the Beltrami differentials v^, l/^'v^, 1 < h < n are bounded 
with compact support on the surface R. A section cj) of the direct image 
sheaf n*w^ j SxE)m has uniformly bounded L 1 integral on the support of the 
Beltrami differentials in the fibers. It follows that the pairings (d/dsh,4>) are 
bounded. By the basics of Teichmiiller theory the pairings are holomorphic 
on S x Pik{tk 7^ 0}. By the Riemann extension theorem, the pairings are 
consequently holomorphic on the domain of 4> in S x D m . The discussion of 
sections of H*ujy^ D provides that the coefficient maps Laurentfc(0) are holo- 
morphic on the domain of <p. By Lemma there are sections vpi, . . . , vp3 S -3 
with the given pairings and Laurent coefficients at the origin (s,t) = (0,0). 
From the above, the matrix of evaluating pairings and Laurent coefficients 
is holomorphic and the identity at the origin. The matrix inverse applied 
to the sections ~4>3 g -3 gives the desired sections with the desired 

pairings and Laurent coefficients. The statement about cotangents follows 
immediately from Lemma [H □ 

For all applications of Lemma [H we restrict the base of the family to 
provide that the sections (pi, ... , 4>3 S -3 and relations are defined for the 
family. 

Definition 7. For an (s,t) family LT : 1Z — > S x D m and the direct image 
sheaf ITcj^g, referring to Lemma® the sections (pi, ... , </>3 g -3 are the first 
(s, t) frame and the sections <j>\, . . . , (fr n ,ti(J) n+ i, . . . , t m (j) n+rn are the second 
(s, t) frame. 

4 Cotangents to stable curve moduli. 

We consider proper families of stable curves II : C — > B including nodal 
curves with C and B smooth manifolds. We assume a neighborhood of 
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each node is analytically equivalent to a Cartesian product of it : V — >• D 
and a complex manifold parameter space. The Cartesian product structure 
provides that the locus of nodes is a disjoint union of codimension 2 smooth 
subvarieties. A section of gj^ , B has a canonical residue at a node; the residue 
is computed on the normalization. 

We consider the vanishing residue subsheaf V of u>^ , g and the associ- 
ated exact sequence. The direct image sheaf ILV is shown to be locally 
free and the sequence of direct images is exact. The Hubbard and Koch 
characterization and description of a universal family are applied to show 
that the direct image II* V is the cotangent sheaf for an admissible family. 
Applications include that first (s,t) frames are frames for the log-cotangent 
sheaf of the divisor of noded curves and second (s,t) frames are coordinate 
cotangent frames. 

Definition 8. For a family II : C — > B as above. On C, the locus n^, 1 < k < 
m, is the k th component of the loci of nodes and C nfe is the skyscraper sheaf 
with fiber C on and fiber on the complement. The vanishing residue 
subsheaf V of u^, is defined by the exact sequence 

o _> v — ► u* /B ®^ Sfe e fc c nfc — > o, (8) 

where Res^ is the residue on and the map on the complement. 

Although we do not provide the general argument, the relative dualizing 
sheaf, vanishing residue subsheaf and exact sequence are natural for analytic 
families IT : C — > B. On the complement of nodes in a family II : C — ) 
B, the sheaves V and coincide; V generalizes the notion of families 

of holomorphic quadratic differentials. The expansion ([5]) for sections of 

xS/DxS sriC) ws that at a node the stalk of V has rank 2 over the structure 
sheaf with generators z and w in terms of the local coordinate (z, w, s); the 
sheaf V is not locally free. 

Lemma 9. For an (s, t) family U : 1Z — > S x D m , the elements of the second 
(s,t) frame of Lemma\^are sections ofV. The direct image ITV is a locally 
free sheaf with basis the second (s,t) frame. The sequence of direct images 
is exact 

> ITV > ^-* UJ 7l/SxD m ffi ^| Sfc ©fciTCn^ — > 0. 

Proof. The first statement follows from Lemma El noting that the fourfold 
multiple of the residue at a node is the Laurent coefficient evaluated at 
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t = 0. By Lemma [3j n*a;^/ Sx£)m is locally free rank 3g — 3 and from 
Lemma [6l the first (s,t) frame elements are linearly independent on fibers, 
and thus are independent over OsxD m - To consider direct images, we work 
with presheaves on S x D rn . Given the inclusion II* V C H st LO^, SxDm , an 

element of II* V is a linear combination (p = Sj=7 3 fjfy f° r fj e ®SxD m 
and 4>j the first (s,t) frame. On the locus of the k th node n^, 1 < k < m, 
the residues Resk(4>j), j ^ n + k vanish and Res/c(0 n+ fc) = — l/4m. It follows 
that / n +fc vanishes on the divisor Il(nfc). The coordinate i& vanishes to order 
one on the divisor; it follows that f n +k = tkf n +k for f n +k £ OsxD m - The 
observation applies for each node and consequently <j) is a combination over 
OsxD™ of the second (s,t) frame. The direct image of V is consequently 
locally free with basis the second (s, t) frame. 

The first and second (s,t) frames are respectively frames over OsxD m 
for sections of ^^/ SxD , n and V on II _1 (S' x D m ). The constant section 1 is a 

frame for C nfe over OsxD m on n fc- By Lemma[6l the {n + k) th element of the 
first frame maps by the combined residue to the constant section — 1/4-7T of 
C nk and for the remaining skyscrapers. The combined residue is surjective. 
By the above argument, an element of the kernel of the combined residue 
map is a combination of second frame elements and the sequence is exact at 

We use the work of Hubbard and Koch to relate (s,t) families [HKllaj. 
Hubbard and Koch study proper flat families of nodal curves [ HKllaj Def- 
inition 3.1]. A proper surjective analytic map n : C — > B of analytic spaces 
is a family of nodal curves provided at each point c € C, either n is smooth 
with one dimensional fibers or the family is locally isomorphic to the locus 
of zw = f(s) in C 2 x S over S with / vanishing at the image of n(c). We 
work with the case of first order vanishing of /, where families are locally 
analytically equivalent to the Cartesian product of tt : V — > D and a com- 
plex manifold |ACGll[ Chapter 10, Proposition 2.1]. Families are further 
assumed to be T-marked, V a multi curve on a reference surface [HKllaj 
Definitions 5.1, 5.2 and 5.5]; a T-marking is a continuous section into a 
family of cosets of mapping classes from a reference surface to the fibers 
of the family. They show in their Proposition 5.7 that a proper flat family 
n : C — > B of stable curves has a T-marking if and only if there is a Hausdorff 
closed set C C C such that: i) each component of (C — C) Pi n _1 (6), b G B is 
either an annulus or a one point union of discs (a degenerate annulus) and 
ii) n : C — > B is a trivial bundle of surfaces with boundary. The multi curve 
r represents the annuli that can degenerate in the family. 
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By construction (s,t) families are proper fiat with fibers stable curves 
with Hausdorff closet set the complement of the plumbing annuli. An (s, t) 
family is an example of their T-marked plumbed analytic family II : Yr — > Vr 
[HKllal Sections 8.2, 8.3]. They also construct a standard model family 
II : X r ->■ Q r [HKllal Definition 7.1, Section 7.1]. By their Theorem 9.11, 
the induced map from a neighborhood of the origin in the base of an (s, t) 
family into Qr is a T-marking preserving topological equivalence of families. 
Their Theorem 10.1 provides that for an (s,i) family U : 7Z —■ S x D m , re- 
marked by plumbing annuli, there is a unique analytic map of S x D m into 
Qr such that the T-marked family II : Xr —¥ Qr pulls back to a T-marked 
family analytically equivalent to II : 71 — >■ S X D m . In particular, (s,t) 
families provide local analytic descriptions for the standard model family 
II : Xr —> Qr- Furthermore, for a pair of (s,t) families with a common 
fiber, there are neighborhoods of the base points and T-markings such that 
the families over the neighborhoods are uniquely T-marked equivalent under 
a biholomorphism. 

Basic considerations provide that standard model families II : Xr — > Qr 
and (s,t) families are locally Kuranishi [ACGlll Chapter 11, Section 4]. 
A deformation of a curve C is a family of noded curves IT : C — ¥ B and 
basepoint b € B with a prescribed analytic equivalence of C to the fiber 
n _1 (b). A deformation IT : C -> B of a curve C is Kuranishi provided for 
any deformation of the curve II : T> — > £ and basepoint e € £, that the 
family II : D — > E is locally at e the pullback of the family II : C — > B locally 
at b by a unique morphism respecting the equivalences to C. Existence of a 
Kuranishi family for a curve is equivalent to stability of the curve [ACGlll 
Chapter 11, Theorem 4.3]. In particular, a standard model family II : Xr — > 
Qr with basepoint q G Qr is locally the pullback of a Kuranishi family. At 
the same time, the Kuranishi family is locally T-marked by plumbing annuli. 
The Hubbard and Koch Theorem 10.1 provides that the Kuranishi family is 
locally the pullback of the standard model family. In particular, the families 
are locally equivalent for neighborhoods of the designated fibers. The local 
uniqueness property for the Kuranishi family transfers to the standard model 
family. Kuranishi families have many general properties [ACGlll Chapter 
11, Section 4]. 

Definition 10. An admissible family is a proper T -marked family II : C — > B 
of stable curves with a neighborhood of each node analytically equivalent to 
a Cartesian product of tt : V —> D and a complex manifold. 

Hubbard and Koch use their standard model family to define an ana- 
lytic structure for the quotient of the augmented Teichmiiller space by local 
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actions of mapping class groups [HKllal Section 12]. In Theorem 13.1, they 
show that the constructed space is analytically equivalent to the analytic 
form of the Deligne-Mumford compactification of the moduli space of Rie- 
mann surfaces. In particular (s, t) families provide local analytic descriptions 
for the local manifold covers of the Deligne-Mumford compactification. 

Theorem 11. The vanishing residue sequence is natural for admissi- 
ble families. The direct image of the vanishing residue sheaf is naturally 
identified with the cotangent bundle for admissible families. 

Proof. The proof is formal given the present considerations; we use simplified 
notation. We use local descriptions in terms of (s, t) families. For T-marked 
families II : K -> S x D m and II' : K' -> S' x D' m ' with a common fiber, 
there is a biholomorphic equivalence of the families over neighborhoods of 
the common base point; restrict the families to the neighborhoods. If the 
number of nodes on the common fiber is not maximal for the families then m 
and m! can be distinct. The relative dualizing sheaf is characterized either 
by its dualizing property or as the dual of the vertical line bundle. The nodal 
loci are characterized by self crossing of the fiber of the projection and the 
residue on the normalization is intrinsic. A biholomorphism F pulls back 
the second family to the first family. The vanishing residue exact sequence 
for the second family pulls back to the vanishing residue exact sequence for 
the first family. On the domain of F the coordinate cotangents are related 
by 

(ds',dt') = W^fadtf 

for an analytic Jacobian. By Lemma El on the open set S x n^L 1 {t/ c ^ 0} 
the cotangents are represented by the second (s,t) frames (4>,tcf>) for (ds,dt) 
and (<j)' ,t'(f>') for (ds',dt'). On the open set the second frames satisfy the 
relation 

(<P',t'<p') = ^1(<M0). 
d(s,t) 

The left and right hand sides independently give 3g — 3 analytic sections 
of II^V' and II^V. The relation is consequently satisfied on the domain of 
F. Since (ft ,t'<fi') and (<fi,t(f)) are local bases for the locally free sheaves 
II* V' and II* V and d(s', t')/d(s, t) is the cocycle for the cotangent bundle, it 
follows that the direct image of V is analytically equivalent to the cotangent 
bundle. The equivalence does not depend on the particular representation 
as an (s, t) family. For an admissible family the equivalence is given by any 
local representation. □ 
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For an admissible family the form for a local frame of II* V is determined 
by general considerations. Begin with the restriction map from the relative 
dualizing sheaf to the dualizing sheaf of a fiber. By the dimension count 
leading to Lemma [3l for a noded fiber the space of sections of the dualizing 
sheaf square vanishing at nodes has codimension the number of nodes. By 
the same count, for each node there is a local section of the dualizing sheaf 
square with unit residue at the node and vanishing at other nodes. Now 
the product of a function defining the associated locus of nodal curves in 
the base and a section of the relative dualizing sheaf square with constant 
unit residue is a section of 11* V corresponding to the node. As sections 
of I1*V, the constructed products are locally independent and independent 
from sections with non trivial restrictions to the fiber. The collection of 
sections provides a local frame for I1*V. We will see below that a section of 
I1*V vanishing on noded fibers is a conormal to the locus of noded curves. 

Corollary 12. For an (s,t) family the second (s,t) frame is the coordinate 
cotangent frame. 

To understand the description of the cotangent fibers, we review the iso- 
morphism between locally free sheaves and analytic vector bundles. Associ- 
ated to an analytic vector bundle E over a connected complex manifold M 
is the sheaf Q(E) of analytic sections. The sheaf is locally free. In particular 
if E is trivial over an open set U, the space of sections over U is isomorphic 
to 0{U) r for r the rank of E. Conversely, if for an open cover {U a } of M, 
the space of sections of a sheaf £ is given as locally free by isomorphisms 
h a : T(U a ,£) — > 0(U a ) r , then the cocycles h a p = h a o h^ 1 define invertible 
maps of 0(U a n Up) r with the compatibility condition h a p o hp^ = h ai on 
U a H Up n U-y. The cocycle {h a p} defines a rank r vector bundle on M 
[Wel081 Chap. II]. 

Given a locally free sheaf £, the fibers of the corresponding vector bundle 
are described by an elementary sheaf construction. For the fiber at p in 
M, introduce the sky-scraper sheaf C p supported at p; a complex number 
defines a section of C p and C p is an Om module by evaluating functions 
at p. The vector bundle associated to £ has fiber at p the cohomology 
group H°(M, £ ®o M A germ at p of a section of £ defines an element 
of the fiber by extending by zero for the complement of p. Germs e and 
e' at p of sections of £ define the same element of the fiber provided for 
representatives on a neighborhood of p, that e = fe' for / in 0{U) with 
f(p) = 1 or equivalently e — e' = he" for e" a representative of a germ of a 
section and h in 0{U) with h(p) = 0. 
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An example of the fiber construction is for the rank one sheaf 0{p) for a 
point on a Riemann surface. For germs of sections a and a' at p, each with 
divisor p, then the germs satisfy a = fa' for / a germ of O at p. In the 
p- fiber H (O(p) ®o the class of a is the f(p) multiple of the class of a' . 

We apply the elementary sheaf construction to describe the fibers of the 
cotangent bundle of an (s, t) family. 

Lemma 13. Let II : 7Z — > S x D m be an (s, t) family with second (s, t) frame 
T and I p C OsxD m , the ideal sheaf of a point in the base. The cotangent 
space of S x D m at p is identified with Span C ) gxDm (J r )/ Span^ (J 7 ) . There is 
a well defined pairing between Beltrami differentials supported away from the 
nodes on the fiber II -1 (p) , the functional — ir/tk Laurent^ and the cotangent 
vectors at p given by forming limits with representatives. 

Proof. A frame for the cotangent sheaf of the (s,t) family is given by the 
coordinate frame T . The description of the cotangent fiber at p comes from 
the above sheaf description of a vector bundle fiber. From the proof of 
Lemma [6l the pairings of the tangent functionals with J- are holomorphic 
on a neighborhood of the origin in S x D m . It follows that elements in 
Span^) T have pairings vanishing at p. The conclusion follows. □ 

We can describe the cotangent fiber at a point for the curve C by giving 
sections of the dualizing sheaf square and local coordinates at the nodes. 
The normalization of C is a Riemann surface R with formally paired dis- 
tinguished points {a*;;frfc}fcLi- Assume that local coordinates near a^, 
Zkiflk) = an d Wk near bk, Wk(bk) = are given. Consider Q(R) the space 
of meromorphic quadratic differentials on R with at most simple poles at 
the distinguished points {a^, bk}™ =1 ; Q(R) is the cotangent space of the Te- 
ichmiiller space of R. Given an (s, t) family II : TZ — > S X D m containing a 
fiber isomorphic to C, we describe sections of ILV representing the cotan- 
gents at C. By Lemma El each section (3 of the dualizing sheaf square is the 
evaluation of a section (3 of the direct image U*u}^/ SxDrn . The (s,t) family 
is equivalent to a family with local coordinates {zi~, Wk}™ = i for plumbing 
data. The coordinates define sheaf maps Laurent^ : u^ SxD „ — > OsxD m - 

By Lemma @ there are also sections j3h, 1 < h < m, of the direct image 
with ^-coefficients Laurentfc^) = d^h, I < k, h < m, for 5** the Kronecker 
delta. For f3 € Q(R), the system of equations Laurentfc(/3 + ^^ 1 bhfih) = 0, 
1 < k, h < m, for functions bh G 0g, has a local solution. Solving the sys- 
tem defines a linear map depending on the data of local coordinates: for 
/3 £ Q(R), associate Cr Zk>vl \(/3) = (3 + Ylh=l bhPh, a section of ILV. Fur- 
thermore for th = ZhWh, the products — th/3h/TT, 1 < h < m, define sections 
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of II^V vanishing on the fiber isomorphic to C. By Lemma [T3l the pairings 
at C of the elements Cr ZkiWk y(f3), —t^Ph/ir, /3 £ Q(R), 1 < h < m, with Bel- 
trami differentials supported away from the nodes and with the infinitesimal 
tfc-variations are determined completely by the elements of Q(R) and the lo- 
cal coordinates {zk,Wk}™ =1 - We will see in Theorem [TU] that the cotangent 
vectors depend on the second order expansions of the local coordinates. 

The local Cartesian product description at a node provides that for an 
admissible family n : C — > B, the locus V C B of noded curves is a divisor 
with normal crossings. In general for a normal crossing divisor in a com- 
plex manifold M, there are local analytic coordinates (z\, . . . , £n+m) with 
T> = U^L 1 Pfc for T>k = {z n+ k = 0}. We are interested in three cotangent con- 
structions associated to the divisor T> of noded curves. The first is the dual 
of the normal sheaf of T>, the conormal N^, defined by the exact sequence 

o — > n% — >■ n M ® o-d — >• n v — ► o, 

for Q,m the sheaf of 1-forms on M and £Id the sheaf of Kahler differentials 
for T> |Bar89j . The conormal is the set of cotangent vectors to M sup- 
ported on T> and is the annihilator of the tangents to the intersection of T> 
components. For example, at a point of (~)™ =1 T>k, the conormal is the anni- 
hilator of the intersection r\™ =1 Tx> k of tangent spaces. At the same point, 
the conormal sections are generated by the differentials dz n +k, 1 < k < m, 
and the Kahler differentials are generated by d,Zj,l < j < n. The second 
cotangent construction is the log-cotangent bundle Okf(log"D) for a normal 
crossing divisor. The log-cotangent is a subsheaf of the sheaf of meromor- 
phic 1-differentials with O^f (log"D)|jw_£> the sheaf of analytic 1-differentials. 
At the above point of P, the sheaf is locally generated by the differentials 
dzj, dz n+ h/ ' z n+ ]~, 1 < j < n, 1 < k < m. The log-cotangent bundle is locally 
free of rank dimM. The third cotangent construction, supported on V, 
is the space of cotangents represented on the normalizations of the stable 
curves by holomorphic quadratic differentials; the differentials are holomor- 
phic at the nodal inverse images. In Theorem 1161 we show that the space of 
such cotangents is the annihilator of the infinitesimal plumbing tangents. 

For an (s,t) family II : 1Z — > S x D m with parameters (sj,t}~), 1 < j < 
n, 1 < k < m, the divisor V of noded curves is U^! =1 Pfc with = {t^ = 0}. 
The locus T> is the codimension m locus with parameters (sj,0), 1 < j < n. 

Corollary 14. For an (s,t) family the log-cotangent bundle is generated by 
the first (s,t) frame. The conormal ofV is generated by the elements tk4>k 
of the second (s,t) frame. 
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Proof. The statements are direct consequences of Corollary [12] and Lemma 

E3 □ 



5 Comparing infinitesimal plumbings. 

We generalize the Laurent coefficient map of Definition [2] for elements of 
0Jyi D . Evaluating the limit of the generalization will not require a spe- 
cial choice of coordinates. The generalization enables comparison of in- 
finitesimal plumbings and extends period expansions of quadratic differen- 
tials [Gar 751 |Hej78[ IHKllal IHSS091 IKra851 IMas761 IMcMOOl IFetMl IPetiTl 
WlplOaj |WlplOb| to the limiting case of a nodal fiber. 



For the family it : V — >■ D, the vertical line bundle C is dual to the 
relative dualizing sheaf coy/D- F° r a section A of £, nonzero at the node, 
the adjoint residue value, defined modulo a sign, is the residue of the dual 
section A v at the node. The t ^ fibers of the family 7r : V — > D are 
annuli. For rj a section of oJy/D an d 7 a loop in a fiber winding once around 
the annulus, then the integral J ij is the 2iri multiple of the zeroth Laurent 
coefficient of the restriction of r] to the fiber with the sign of the integral 
uniquely determined by the orientation of 7. 





Figure 4: The family of hyperbolas (z + .7z 2 )w 



Definition 15. Given A a section of C with adjoint residue value ±1, 
a collection of loops jt * n the fibers 7r -1 (t),i 7^ ; is admissible provided 
limt_>o / A v = Ani. For <fi a section of ujy, D and A with admissible loops 
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7t, the Laurent pairing is 

LP(A,</>) = - I X4>- 

We consider properties of the pairing. The product X(p is a section of 
ojy/D and the integrals only depend on the homology classes of the loops. 
The integrals do not depend on a choice of coordinates. The pairing is 
analytic in t and for <ft a section of the vanishing residue sheaf V, then 
LP (A, 4>) vanishes at t = 0. In particular for eft a section of V the limit 



t^o t 
exists. 

To find additional properties of the limit, we introduce expansions for A 
and 4> and calculate. For the local Cartesian product description V x S, the 
considerations will only involve continuity in S and so we omit S dependence 
in the expansions. We begin with a section of ooy/D an d its dual section 
of C. From Section [2j for an annulus A with variable C, mapped into a 
fiber of V by ((,t/Q, then a 1-differential r] = f(z,w)(dz/z — dw/w) pulls 
back to f (C, i/C)2dC/C on A. For a loop 7 in A with / d(/( = 2ni, the 
integral j[ y {(C^t/C)2d(/( equals the 47ri multiple of the (^-constant of f; see 
formula Provided f(0, 0) = 1, then in a neighborhood of the origin 

(2f (z, w))' 1 (zd/dz — wd/dw) is an analytic section of C with dual section 
r] satisfying the hypothesis lim^o / rj = 4iri. 

We use the coordinate (z, w) for V to give expansions for A a section of 
C and 4> a section of Uy/ D '- 

X = (l + az + b W + 2 )l(z§- z - W JL) 

and 

/ , 9 2 ^ \/dz dw,2 

<p = (cz + dw + ez +jzw + gw +O3H ) , 

z w ' 

where O r represents degree r terms and higher in the variables. The product 
has the expansion 

dz diXu 

\(f> = ((ad + bc + f)zw + (ac + e)z 2 + (bd + g)w 2 + 3 ) ( ) 



and the pullback to the annulus A has the expansion 

\<P = (( a d + bc + f)t + 0^0 + 1 (1/C) + 2 (t))2^-, 
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and the Laurent pairing is 



LP(A, (t>) = 4{ad + bc+ f)t + 2 (t). (9) 

In particular the coefficient of t is determined by the first order expansion of 
A at the node and the second order expansion of eft. The first order expansion 
of the section A is determined by the restriction of A to the t = fiber. In 
the particular case A = \j1{zd jdz — wd/dw) the Laurent pairing coincides 
with the Laurent coefficient, specifically LP(A, 0) = Laurent(c/>); compare 
the expansion Q to formula (0). 

In |Wlp88| it is shown that the coefficient functionals 4> — > irc(4>), 4> —> 
ird((ft) are the evaluations of the infinitesimal origin slidings for the coor- 
dinates z, w of the inverse images of the node on the normalization; the 
functionals are the action of the infinitesimal displacement of the location of 
possible poles for quadratic differentials on the normalization. In the defini- 
tion of sliding |Wlp88, pgs. 405, 406], the integral is for a negatively oriented 



loop about the distinguished point and as noted on |Wlp88, pg. 409] the 
factor i/2 is omitted from the Beltrami-quadratic differential pairing; com- 
pare to the present formula (J7|). The infinitesimal plumbing formula below 
agreed^ with the earlier formula |Wlp88[ Corollary] obtained by constructing 
a two-parameter family interpolating between a pair of plumbings. 

The (s,t) coordinates depend on choosing plumbings. The following 
formula gives the initial effect of a change of plumbing data. To apply the 
formula for the second (s, t) frame of Lemma[6l note that in a neighborhood 
of the k th node, tk4> n +k = zj-Wkfin+k for the second frame element dtk- 

Theorem 16. Let U : C — > B be a proper family of stable curves with a 
nodal fiber Cb with a neighborhood of a node analytically equivalent to the 
Cartesian product of ir : V — > D and a parameter space S. Consider the 
local coordinates F(z) and G(w), F(0) = G(0) = 0, for neighborhoods of the 
inverse images of the node on the normalization of Cb- For the plumbing 
F(z)G(w) = t of Cb contained in U : C — > B and <j) a section of V on a 
neighborhood of Cb, the initial plumbing tangent evaluates as 

(5?*>L = 

i(F'(0)G'(0))- 2 (-F'(0)G'(0)f„(0, 0, a) + if"(0)fe(0, 0, s) + l -G" (0)f,(0, 0, >)) 



1 There is a simple mistake in the referenced formula. On page 409 of the reference 
the function G is normalized to G'(0) = 1. The ensuing calculation on page 411 refers to 
the normalized function. In the statement of the Corollary the intended second derivative 
refers to the normalized derivative (G'(0)) _1 G"(0). 
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for 

,dz dw.2 

4> = t{z,w,s){ ) 

z w ' 

and the given partial derivatives. 

Proof. The essential matter is a change of coordinates for a neighborhood of 
a node represented in two ways as a product with V . If a neighborhood of 
the node is given as the Cartesian product of the plumbing F(z)G{w) = r 
and a parameter space, then the initial plumbing tangent is evaluated by 
Lemma H] and a limit. As noted above, for (u, v) coordinates for V, the 
evaluation is equivalently given by the Laurent pairing with the section 
\/2{ud / du — vd/dv) of C and a limit. The section has dual section r] = 
du/u — dv/v of ujq/b- We now calculate the expansion of ij for a second 
description in terms of V with coordinates (z,w). In general for a change of 
variable C = f(z), /(0) = 0, then d(/( = (l+(2 f " '(0))- 1 f" \0)z+O 2 )dz/ 'z. As 
noted above, the first order expansion of r] is determined by its restrictions 
to the coordinate axes in V. On the z-coordinate axis, respectively in- 
coordinate axis, in V the variable w, respectively z, and its differential 
vanish. Apply the general change of variable for the coordinate axes. We 
have the following relation on the coordinate axes in V 

= (l + i(F'(0))- 1 F"(0)z + I(G'(0))- 1 G"(0) U ; + O 2 )(^-^). 
The dual section of C satisfies 

V V = (l-\(F\0))- 1 F'\0)z-^(G\0))- 1 G'\0) W + O 2 )^(z^ z -w-^-). 

We apply Lemma H] to find that the initial plumbing tangent is given as the 
limit lim r _ i ,o — it ~LP (r/ v , eft) / t . We apply formula © and the observation 
lim T ^ t/r = lim^^o) zw(F(z)G(w))- 1 = (F'(0)G !/ (0)) -1 to obtain the 
final formula. □ 

An easy application is the standard formula for the normal sheaf to the 
divisor D of noded curves )HM98l Props. 3.31, 3.32]. The normal sheaf is 
the quotient of the tangent sheaf by the intersection of the tangent sheaves 
of components of T>. For an (s, t) family LT : 7Z — > S x D m with param- 
eters (sj, ifc), 1 < j < n, 1 < k < m, the intersection of components of T> 
has parameters (sj,0), 1 < j < n. The normal sheaf is the quotient of the 
t parameter tangents modulo the s parameter tangents. The infinitesimal 
sliding deformations are represented by compactly supported Beltrami dif- 
ferentials on the normalization of a curve. In particular, the infinitesimal 



28 



slidings are tangents to the intersection of components of T>. Theorem [16] 
provides the relation 

|- = (F'(O)G'(O))- 1 ^ modn^T^ 

between the plumbings F(z)G(w) = r and zw = t of a node. The factor 
(-F'(O)G'(O)) -1 is the cocycle for the tensor product of tangent lines to the 
normalized curve at the inverse images of the node. In particular, the normal 
line is the product of tangent lines. 

Hyperbolic metrics provide a norm for the limit pairing lim^o LP (A, <j>)/t 
as follows. For an (s, t) family II : TZ — >■ S X D m with all t parameters 
nonzero, the fibers are compact Riemann surfaces with uniformization hy- 
perbolic metrics depending smoothly on the parameters. For negative curva- 
ture metrics, there is a unique geodesic in each free homotopy class of closed 
curves. The geodesic in the class of the k th annulus has length expansion 

2t ~ + o((\o g i/\t k \r r ), 



logl/% 



locally uniformly in s with r = 4 for a single plumbing and r = 2 in general 
Wlp90, Example 4.3]. For a single plumbing, the length expansion provides 



that e 27r I 1 = l/\t\(l + 0((log l/|t|) -2 )). We can define a norm for a single 
plumbing pairing by considering for A a section of C and <f> a section of II* V 
the limit 

lime 27r2 ^|LP(A,(/>)|. 

For A with adjoint residue value ±1 and 4> vanishing on the noded fiber, the 
definition provides a norm for the conormal to the divisor of noded curves. 



6 Applications. 

6.1 The moduli action of the automorphism group of a stable 
curve. 

We consider that (s, t) families provide local manifold covers for the Deligne- 
Mumford compactification and describe the local actions of the relative map- 
ping class groups. We begin with the Hubbard-Koch discussion of markings 
[HKlla[ Sections 2, 5]. For T a labeled multi curve on a compact reference 
surface S, let Mod(5, T) be the group of mapping classes fixing the free ho- 
motopy classes of T and the components of S — F. Let Mod ex t(S, T) be the 
extension of Mod(<S, T) of mapping classes permuting the V free homotopy 
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classes and components of S — T. For S/T the identification space given by 
collapsing T, let Mod(Syr) be the group of isotopy classes of homeomor- 
phisms of S/T that fix each individual collapsed curve and fix the compo- 
nents of S/T — T. Let Mod ex t(S /T) be the extension of isotopy classes of 
homeomorphisms of S/T. 

For every multi curve subset T' C T, define Homeo(S', T, T') to be the 
homeomorphisms of S — T', stabilizing each component of S — T' and ho- 
motopic to a composition of Dehn twists about elements of T — T'. As- 
sociated to an admissible family II : C — > B are local families over B of 
equivalence classes of maps from S to the fibers of C. In particular for 
b € B, consider the maps of S to II -1 (6) taking elements of a multi curve 
T' bijectively to the nodes on the fiber. A pair of such maps 4>i,4>2 are 
equivalent provided for h £ Homeo(5, T, T') that <pi is homotopic to h o <p 2 
on S — T' by a homotopy of homeomorphisms from S — T' to IT -1 (6) — 
{nodes}. The set of equivalence classes of maps is M&rkl (S;B) b . The union 
Mark£(5; B) = \Jb&B Mark^S 1 ; B)b inherits a topology by considering the 
compact-open topology for maps of S into C. The space Mark^S 1 ; B) has 
a projection pr to B. A T-marking for a family II : C — > B is defined as a 
continuous section of the projection. The mapping class group Mod ex t(S, T) 
acts on T-markings by a right action of precomposition of maps. In analogy 
to the local topological triviality of families of compact surfaces, Hubbard- 
Koch show that the projection pr has discrete fibers and a local section 
through each point [HKlla, Theorem 5.4]. A direct characterization of T- 
markable families is provided [H Klla} Proposition 5.7]. 

Let II : X-p — > Qr with T-marking </>r be the Hubbard-Koch universal 
T-marked family. The natural map from a connected open set in the base of 
an (s,t) family into the base Qr provides a T-marking preserving analytic 
equivalence of the (s, t) family to the pullback family. The universal property 
provides that a mapping class h E Mod ex t(S, T) which acts by a right action 
by precomposition on T-markings, acts by a left action on the base Qr by an 
analytic equivalence Kq and on the total space by an analytic equivalence 
hx to give the family hQ~Tlh x l : hx(Xr) — > /iQ(Qr) with marking hx ° <t>r 
fig 1 [HKllal Theorem 10.1]. If each neighborhood of a basepoint b of the 
family intersects its Hq translate, then Hq fixes b and the mapping class h 
is realized by an automorphism acting on the b fiber [HKlla, Proposition 
2.6]. Conversely, automorphisms of a fiber act by a left action on maps of 
S to the fiber. By discreteness and existence of Mark^ r (S; Qr) marking 
sections, automorphisms of a fiber of II : Ar — > Qr locally act through the 
mapping class action. 

For a stable curve C, consider a T-marked family LT : Xr — > Qr contain- 
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ing a fiber isomorphic to C. As described above, the automorphism group 
Aut(C) acts on a neighborhood of the point in Qr representing C. 

Theorem 17. |HKlla| Proposition 12.2, Corollary 12.3], The Deligne- 
Mumford moduli space is an analytic orbifold. A neighborhood of the stable 
curve C in the moduli space is locally modeled by the quotient Qr/Aut(C). 

Let the normalization of the curve C be a Riemann surface R with paired 
distinguished points {ak,bk}™ = i with local coordinates near a^, Zk(af.) = 
and Wk near bk, Wk{bk) = 0. The local coordinates define sheaf maps 
Laurent^ : ^x r /Q r — > Oq v . By Lemma El there are sections (3h, 1 < h < m, 

of the direct image H*u Xr /Q r with coefficients Laurentfc(/3/i) = 5kh, 1 < 
k,h < m, for <5** the Kronecker delta. In the discussion following Lemma [T3l 
the cotangent space at C is described in terms of: Q(R), the meromorphic 
quadratic differentials with at most simple poles at distinguished points, 
the local coordinates {zk,Wk}™ =1 and the linear map C{ ZktWk y, extending 
sections of the dualizing sheaf square. 

Corollary 18. With the above conventions, Aut(C) acts by a right ac- 
tion on the cotangent fiber at C by: the map hx pulls back Q(R), pulls 
back the local coordinates {zfc^fcjfcLi and pulls back the linear map C For 
Aut(C) acting on local coordinates by permutations and multiplications by 
unimodular numbers, then Aut(C) acts by: pulling back Q(R), stabilizing 
the operator C and on the cotangents — ifc/^fc/vr, tk = z^Wk, 1 < k < m by 
permutations and multiplications by unimodular numbers. 

Proof. We showed in Theorem [11] that an analytic equivalence of fami- 
lies acts by pulling back the vanishing residue sheaf. In particular maps 
hx act by pulling back U*h x V the direct image of the vanishing residue 
sheaf. In particular for a G Aut(C) and associated map hx, we have 
by definition of the extending sheaf sections map that h x C^ Zk ^ Wk y(f3) = 
£{z k oh x , Wk oh x }{h x /3) = £{z k oh x ,w k oh x }{&*/3) for ft e Q(R). In general the 
coordinates {zt ° hx , Wk ° hx } and {zk,Wk} are distinct and extensions of 
sections are not preserved by pulling back. 

The group Aut(C) acting on the normalization R has cyclic stabilizer at 
each distinguished point. Local coordinates can be chosen with each stabi- 
lizer acting by rotations. For such coordinates, Aut(C) acts by permutations 
and rotations of coordinates. For such coordinates, Aut(C) acts preserving 
extensions of sections of Q(R) to sections of ILV. Further for such coordi- 
nates, Aut(C) acts by a permutation of the sections [3^, 1 < h < m and by 
the same permutation on the coordinate indices and by multiplication by 
unimodular numbers on the coordinate products. □ 
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6.2 Plumbing elliptic curves and a pointed P . 

We describe plumbing elliptic curves (flat tori) to a projective line P 1 pointed 
at 0, —1 and 1. The general plumbing gives a genus 2 surface with hyperel- 
liptic involution. We consider the family cotangent frame and the action of 
the automorphism group of the initial fiber. The construction begins with 
an elliptic curve £ T with variable z, universal cover C and lattice deck trans- 
formation group generated by 1 and r G H. An elliptic curve has quadratic 
differentials dz 2 and P = Vdz 2 for the Weierstrass "P-function. The V- 
function is doubly periodic with singular part 1/z 2 at the origin; P has unit 
residue at the origin. An elliptic curve has the involution ig : z — >■ —z with 
the differentials dz 2 and P involution invariant. The projective line P 1 with 
variable w has Abelian differentials uo a b = (a — b)dw/((w — a)(w — b)) with 
residues 1 at a and —1 at b. The projective line P 1 pointed at 0, —1 and 1 
has the involution z P i : w — > —w. 

Define a nodal stable curve C by pairing distinguished points as follows. 
Pair the origins on £ T and P 1 to form a first node n^, and pair the points 

— 1 and 1 on P 1 to form a second node npi. The involutions ig and zpi 
of components define involutions on the stable curve by extending by the 
identity on the remaining component. Define plumbings of the stable curve 
C as follows. At the node ng, use the local coordinates ug = z, vg = w and 
write ugvg = tg for plumbing. At the node npi, use the local coordinates 
Upi =io + l, i>pi = w — 1 and write -Upi^pi = %>i for plumbing. The elliptic 
curves £ T and plumbings define a family TZ with general fiber a genus 2 sur- 
face over a 3-dimensional base U with base parameters (tg, tpi , r). Following 
Corollary [181 the action of the C involutions on the local coordinates at dis- 
tinguished points is as follows. The involution ig maps ug to — ug and fixes 
the remaining coordinates. The involution z P i fixes ug, maps vg to — vg, Upi 
to — Upi and Upi to — Upi. It follows immediately that the involutions each 
act on the U parameters by the map (tg,tpi,r) — > (—tg,tpi,r). 

We describe sections of the C dualizing sheaf square and following the 
discussion after Lemma [131 describe the extension of the sections by the 
linear map C{ U)V } to sections of the relative dualizing sheaf of TZ over U. 
Given the action of the involutions on the u, v local coordinates, by Corol- 
lary CE] the involutions ig and &pi stabilize the linear map C{ UiV }- To de- 
fine sections of the C dualizing sheaf square, begin with the £ node and 
consider (— l/47r)(P + wo-i^oi)- By construction, the section has residue 

— 1/47T at and residue at npi with simple poles at the points ±1. The 
section is invariant by the involutions ig and zpi. We write fig for the ex- 
tension l/4-7r)(P + (Jq-iWoi)) to a section of the relative dualizing 
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sheaf n*w^ w with Laurent n£ ) = —1/ir and Laurent npl ) = 0. The 
section /3g is invariant by the involutions acting on 1Z, since the dualizing 
sheaf section is invariant and the involutions stabilize the map £{ U:V }- Next 
consider the P 1 node and the section (— 1/4-71") (a;^) extended by zero on 
£. By construction, the section has residue at and — l/4-ir at n P i. 
The section is invariant by the involutions. We write /3pi for the extension 
l/47r)(o; 2 _ 11 )) to a section of the relative dualizing sheaf n*u;^, w 
with Laurent n£ (/3pi ) = and Laurent npl (/3pi ) = —1/ir. Similar to fig, the 
section /3pi is invariant by the involutions acting on 7Z. Finally consider the 
section —2idz 2 on £, extended by zero on P . The section is invariant by 
the involutions. We write [3 dz 2 for the extension Ci UjV \(— 2idz 2 ) to a section 
of the relative dualizing sheaf n*ia^y w with vanishing Laurent coefficients. 
Similar to /3g and /3pi , the section f3 dz 2 is invariant by the involutions acting 
on 1Z. 

We consider the expansions of the sections ipi /3pi, j3 dz 2 at nodes as 
examples of our overall considerations. For a node uv = t and a section 77 
of ^\j U given as 

,du dvs 2 
f{u,v,s){ ) , 

U V 

s representing the remaining variables, the interpretation of initial deriva- 
tives of f is as follows. The vanishing residue condition is f (0, 0, s) = 0. The 
derivatives f u (0, 0, s) and f„(0, 0, s) are the coefficients of the terms (du) 2 /u 
and (dv ) 2 /v in the expansion of r\ on the branches of the normalization of the 
node. Finally the derivative 4f u „(0,0, s) is the t-linear term of the function 
Laurent(ry) of t. At the node ri£, the local coordinates for 1Z are U£,V£,t ¥ i 
and r. At the node npi, the local coordinates for 1Z are Uf,i,Vpi,tg and r. 
For the sections tgfis, ipi/3pi , (3 dz 2 , the expansions f u u + l v v + i uv uv modulo 
0(u 2 ) + 0(v 2 ) remainders are as follows. The section tg/3g has expansion 
—U£Vg/4ir at and at n P i. The section tpiflpi has expansion —upiv-pi / 4ir 
at n P i and at n^. The section /3 dz 2 has expansion at each node. It now 
follows from Lemma |4] that on the domain of sections, the pairing of plumb- 
ing tangents with the sections tgfig, £pi/3pi , /3 dz 2 is given as follows: d/dtg 
pairs to the values (1,0,0) and d/dtpi pairs to the values (0,1,0). Fur- 
thermore by the Grotzsch and Rauch variational formula, for = ipi = 
the section (3 dz 2 represents the cotangent dr and thus d/dr pairs with the 
sections tsfie-, £pi/3pi , P dz 2 to the values (0,0,1). For tg = ipi = 0, the 
sections tg^g, ipi/3pi , j3 dz 2 are the coordinate cotangent frame for the base 
U. Combining the i£ and Zpi invariance of the sections (3g , /3pi , f3 dz 2 and 
the involution action on coordinates (t^,tpi,r) gives the expected action 
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(tsPs, tpi/3pi, Pdz 2 ) ~^ (~ fe/fejipiApi, Pdz 2 ) on cotangent representatives. 

By Theorem 1171 the (s,t) family 1Z over U with C automorphism action 
provides a local analytic description for the Deligne-Mumford compactifica- 
tion. The action of the involutions follows general expectations, |ACGll( 
Chapter 11, Proposition 4.11]. The product z^zpi acts on the fiber C as the 
limit of hyperelliptic involutions and for genus 2 the action is everywhere 
trivial. The action of a single involution is the standard half Dehn twist for 
a 1-handle, or equivalently the 2-torsion associated with an elliptic tail. 

6.3 An example of plumbing an Abelian differential. 

We apply a standard construction for plumbing an Abelian differential and 
then calculate the variation of its period. The plumbing provides an example 
of a section of the direct image of V as a cotangent sheaf section and a 
demonstration for Rauch's period variation formula [Rau59]. We calculate 
the period variation by two approaches and then compare. 

Begin with a compact Riemann surface R with a canonical homology 
basis {Aj, Bj}j =1 , given by representative cycles and with points a,b dis- 
joint from the cycles. By Riemann-Roch there is a meromorphic Abelian 
differential with residue — 1 at b and 1 at a [Gun66]. The meromorphic 
differential is unique modulo the analytic differentials. A unique differen- 
tial u of the third kind is determined by the condition of vanishing periods 
on the given homology basis. Introduce local coordinates u at a and v at 
b, such that u(a) = v(b) = 0, and such that the charts include the discs 
{\u\ < 1}, {\v\ < 1}. Coordinates u, v are analytically specified by the con- 
dition that on the discs, u is respectively given as du/2iriu and as —dv/2-Kiv. 
We can use the coordinates to describe points near a or b. Introduce an arc 
7 from v = 1 to u = 1, disjoint from the basis of cycles and contained in 
R-{\u\ < 1} - {M < 1}. 

The plumbing of R is as follows. Given t nonzero, remove the closed discs 
{\v\ < \t\} and {\u\ < \t\}. Overlap the annuli {\t\ < \u\} and {\t\ < \v\ < 1} 
by uv = t to obtain the plumbed surface Rt- Since the identification is 
u = t/v, the differential u> plumbs to a differential ujt on Rt. Introduce an 
oriented arc "jt from 1 to t in the annulus {\t\ < \u\ < 1} and disjoint from 
argw = 7T. The arc concatenation 7^ + 7 determines an oriented cycle on 
Rt, disjoint from the original basis of cycles. The image of the positively 
oriented circle {\u\ = 1} also defines a cycle A*. By construction the integral 
of ui t over A* is unity and the genus of Rt is one greater than the genus of R. 
The combination of images of cycles {Aj, A*, Bj, 7^ + j}j = i is a canonical 
homology basis for Rt- The Abelian differential ojt is the dual to A* relative 
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to the A cycles of the basis. The period 




is an entry in the Riemann period matrix of Rt- We set V = J~uJt an d from 
the above construction f ^ u)t = (logt)/2m. The exponential of the period 

exp(2iriV) = ex.p(2iriV)t 

extends to an analytic function on the disc {\t\ < 1}. The derivative of the 
function is ex.p(2iriV). We can also calculate the derivative by combining 
Rauch's variational formula [Rau59, Theorem 2] and Lemma [H Preliminary 
observations are necessary. First, by construction in a neighborhood of the 
plumbing, the t family Rt coincides with the family ir : V — > D. Second, 
Rt locally embeds into a fiber of ir : V — > D by the map u — > (u,t/u) 
and consequently du/u is the pullback of l/2(dz/z — dw/w) on V . Third, 
Rauch's formula is given in terms of the 2-form dz A dz = —2idE for the 
Beltrami - quadratic differential pairing, whereas the present formulas are 
given in terms of the 2-form dE; see Applying the period variation 
formula, Lemma H] and the observations gives 

± e 2niV = e 2.iT 27Ti ^ = e 2.iV 27Ti Zl Laurent(-2io; t 2 ). 
dt dt t x 1 ' 

In a neighborhood of the plumbing, ut is given as 

1 / dz dw \ 
u) t = —{ ) 

47U z w 

and 

A t dz dw,2\ 
Laurent 1=1. 

4 z w ' ' 

Combining contributions, the derivative of the exponential of the period is 
ex.p(2-KiV)/t = ex.p(2niV), matching the direct calculation. 

The derivative formula can be expressed as the differential of a function 
by dexp(2mV) = exp^TriT^Trwf. The family R t is one dimensional with 
coordinate t = exp(27ri('P — V)) with V a constant. The derivative formula 
can also be given as dt = Airtut, with the right hand side a second frame 
element, in particular a section of the direct image sheaf 11* V. 
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